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Agenda

• Different interpolation methods:

• Polynomial interpolation: Newton interpolation

• Piecewise polynomial interpolation
• Piecewise linear interpolation
• Quadratic spline interpolation
• Cubic spline interpolation
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Recap: Understanding house price change

• You observe the house price
change in the past 15 months

• You have 10 data points
• 𝑡 denotes time
• 𝑦 denotes price

• Discussion:
• What can you do to study the

price trend?
• How can you define a function

that describes all these price
points?
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Recap: Problem setup of interpolation

• For given data
• 𝑡1, 𝑦1 , 𝑡2, 𝑦2 , … , (𝑡𝑚 , 𝑦𝑚) with 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑚

• determine function 𝑓: 𝑅 → 𝑅 such that
• 𝑓(𝑡𝑖) = 𝑦𝑖 , ∀𝑖 = 1, . . . , 𝑚

• 𝑓 is interpolating function, or interpolant, for given data.

• 𝑓 could be function of more than one variable, but let’s focus on
the 1-dimensional case first.
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Newton interpolation

• For given set of data points 𝑡𝑖 , 𝑦𝑖 , 𝑖 = 1, … , 𝑛, Newton basis 
functions are defined by

• Newton interpolating polynomial has form

• For 𝑖 < 𝑗, 𝜋𝑗(𝑡𝑖) = 0, so basis matrix 𝐴 is lower triangular, where 𝑎𝑖𝑗 = 𝜋𝑗(𝑡𝑖).
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Newton basis functions
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In-class exercise: Newton interpolation

• Use Newton interpolation to determine interpolating polynomial 
for three data points (−2, −27), (0, −1), (1, 0)

• Solution:
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Newton interpolation

• Solution 𝑥 to triangular system 𝐴𝑥 = 𝑦 can be computed by 
forward-substitution in 𝑂(𝑛2) operations

• Resulting interpolant can be evaluated in 𝑂(𝑛) operations
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Updating Newton interpolation

• If 𝑝𝑗(𝑡) is polynomial of degree 𝑗 − 1 interpolating 𝑗 given points, 
then for any constant 𝑥𝑗+1,

• is polynomial of degree 𝑗 that also interpolates same 𝑗 points

• Free parameter 𝑥𝑗+1 can then be chosen so that 𝑝𝑗+1(𝑡) 
interpolates 𝑦𝑗+1,

• Newton interpolation begins with constant polynomial 𝑝1 𝑡 = 𝑦1 and 
then successively incorporates each remaining data point into interpolant
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Convergence of interpolation

• If data points are discrete sample of continuous function, how 
well does interpolant approximate that function between sample 
points?
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Convergence of interpolation

• Theorem:
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Piecewise polynomial interpolation

• Motivation:
• Fitting single polynomial to large number of data points is likely to yield 

unsatisfactory behavior in interpolant

• Main advantage:
• Large number of data points can be fit with low-degree polynomials

• How:
• Given data points (𝑡𝑖 , 𝑦𝑖), different function is used in each subinterval 
[𝑡𝑖 , 𝑡𝑖+1]

• 𝑡𝑖 is called knot or breakpoint, at which interpolant changes from one function to 
another
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Piecewise polynomial interpolation

• Discussion: Could you provide an
example of a piecewise polynomial
interpolation?

• Simplest example is piecewise linear 
interpolation, in which successive 
pairs of data points are connected by 
straight lines

• Discussion: what are the drawbacks of
linear interpolation?
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Spline interpolation

• A spline is a smooth piecewise polynomial function.
• Two popular model:

• Quadratic spline, Cubic spline

• Quadratic spline interpolation
• each segment is a second-degree polynomial function.
• Formally, we have data points 𝑡𝑖 , 𝑦𝑖 , 𝑖 = 1,… , 𝑛

• For each interval [𝑡𝑖 , 𝑡𝑖+1], we define a quadratic polynomial
• 𝑓𝑖 𝑡 = 𝑎𝑖 + 𝑏𝑖 t − 𝑡𝑖 + 𝑐𝑖൫𝑡 − 𝑡𝑖)

2.

• There are 𝑛 − 1 such polynomials (one per interval).
• Discussion: how many coefficients need to be determined? How many

equations do we need?
• 3(𝑛 − 1)
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Conditions of quadratic spline interpolation

• The spline passes through all data points:
• Discussion: How many conditions under this requirement?

• 2(n-1)
• 𝑓𝑖 𝑡𝑖 = 𝑦𝑖 , 𝑓𝑖 𝑡𝑖+1 = 𝑦𝑖+1.

• The spline should be smooth at internal nodes:
• 𝑓𝑖

′ 𝑡𝑖+1 = 𝑓𝑖+1
′ 𝑡𝑖+1 , 𝑖 = 1,… , 𝑛 − 2.

• Discussion: How many conditions under this requirement?
• n-2

• We need one extra equation to close the system. Common choices:
• Natural: assume 𝑓1′′ 𝑡1 = 0 ,meaning the curve starts flat.
• Or clamped: specify the slope at one endpoint.
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Cubic spline interpolation

• Each segment is a third-degree polynomial function.
• Formally, we have data points 𝑡𝑖 , 𝑦𝑖 , 𝑖 = 1, … , 𝑛

• For each interval [𝑡𝑖 , 𝑡𝑖+1], we define a quadratic polynomial
• 𝑓𝑖 𝑡 = 𝑎𝑖 + 𝑏𝑖 𝑡 − 𝑡𝑖 + 𝑐𝑖 𝑡 − 𝑡𝑖

2 + 𝑑𝑖(𝑡 − 𝑡𝑖)
3

• There are 𝑛 − 1 such polynomials (one per interval).

• Discussion: how many coefficients need to be determined? How
many equations do we need?

• 4(𝑛 − 1)
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Illustration of piecewise polynomial
interpolation (scipy.interpolate)
• Piecewise linear
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• Spline – quadratic
• Spline - cubit



Summary

• Interpolating function fits given data points exactly, which is not 
appropriate if data are noisy

• Interpolating function given by linear combination of basis 
functions, whose coefficients are to be determined

• Existence and uniqueness of interpolant depend on whether 
number of parameters to be determined matches number of data 
points to be fit

• Piecewise polynomial (e.g., spline) interpolation can fit large 
number of data points with low-degree polynomials

• Cubic spline interpolation is excellent choice when smoothness is 
important
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