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Agenda

* Another direct linear system solvers:

* LU matrix decomposition-based solver

e A method to avoid relative errors in solvers:

* Partial pivoting



Recap: Linear systems

* An example of linear systems
* Any linear system can always be rewritten in matrix form

a;,X, +a,X, +a;;X; =b, By By g | X b,
a, X, +2a,X,+ayX;=b, a, Ay Ay | X,|=|b,
a3 X, +2a3,X, +auX; =b, | oy gy g || B b,

* More generally, Ax = b
* Aisanm X n matrix

e x isann-dimensional vector
* bisanm-dimensional vector

* Problem: given A and b, how can you solve x?

 New problem: given A and multiple different b, how can you solve x
efficiently?



LU decomposition

cA=LU
* Lis alower triangular matrix, U is a upper triangular matrix
* Note this decomposition may not be unique

* |[n-class exercise: 2 1 1
 Find an LU decompositionof 4=|4 -6 0
2 7 2

cupp=an =2, up=ap=1, uz=a3=1

o lyy =an/un =4/2=2, ly =az/un=-2/2=-1 1 0 0 2 1 1
. s Uk = agpy —yupp = —6-2-1=-8 L=|2 1 0|, U=|0 -8 —2f.
¢ SOlUUOnS: ® ng:a23*521U13:0*2-1:*2 -1 -1 1 0 0 1

o L2 = (az — Lyuiz) /upe = (7T—(—1)-1)/(-8) =8/(-8) = —1
. ’LL33:CL33—£3]_U13—£32U23:2—(—1)-1— (—1)(—2) =2+1-2=1



LU decomposition for linear systems

cA=LU

* Lisalower triangular matrix, U is a upper triangular matrix

e Ax = b becomesLUx = b

* Solution:
* Step 1: Solve yfrom Ly = b
e Step 2: Solve x from Ux =y

* Discussion: what’s the runtime complexity of Step 1, 27?



Steps1and 2runin O(n)!

* Why? Because L is a lower triangular matrix, U is a upper
triangular matrix. Simply run back substitution!

* Recap of LU
e Ax = bbecomesLUx =b

e Solution:
« Step 1: Solve yfrom Ly = b
* Step 2: Solve x from Ux =y



In-class exercise: LU decomposition for linear
systems

System: Ax = b with

» Step 1: Solve yfrom Ly = b
e Step 2: Solve x from Ux =y

* Solution: y=[5, -12, 2], x=[1, 1, 2]



Runtime of LU decomposition for linear
systems

* LU decomposition: 0(n?)
* Back substitution: 0 (n)
e Total: 0(n>)

* Back to our motivation: given A and multiple different b, how can

you solve x efficiently?
* LU decomposition should be your choice!
* Because you can save time by saving L and U for the same A.



What’s the runtime of Gaussian elimination?

* Guess time! What’s your quick answer?

* Let’s take a closer look:
* At step 1 we eliminate the first column: for each of the n — 1 rows below,
we updaten — 1 entriesinthatrow=> = (n — 1)2 element updates.

* At step 2we workonthe(n —1) X (n — 1) block=(n — 2)2 updates.

* At step k we updatea (n — k) X (n — k)block =>(n — k)2 updates.

n—1
. 3 , _nn—1)2n—1) n’
So, 0(n>) because m§1m — : 3




Both LU decomposition and Gaussian
elimination run in 0(n>)

A= [10 -7 0
e But LU decomposition is usually 5 <4 o,
considered to be better since it’s
scalable —works for multiple different b. Lol = s
L = 3x3
 And LU decomposition has been written 0 000 —o.0400
as functions in Python and Matlab. 0.5000  1.0000
* Python: scipy.linalg.lu U = 3x3

* Matlab: lu()

10.0000 -7.0000
0 2.5000
0 0



Two examples of linear systems

e Can you solve it using Gaussian elimination? 4 _— (O 1 ‘ 1

e Solution: x = [1, 1]

-~

° 1e? _
How about this” A_( . L | 9

10720 1 1 Ry<Ry—10%°R; 10—20 1 1
1 1| 2 "\ 0 —10% | —10%0

* Discussion: What’s the solution?
 Solution: x = [0, 1]
* What happened? Small rounding error leads to huge relative error!

10720 1 1)

11



Partial pivoting prevents this issue

* How does partial pivoting work?
* Swap rows to make pivot have the largest absolute value in its column.

(1020 1 1) Ri¢>Ro ( 11 2) Ro+R2—10-20R; (1 1 ‘ 2 )
1 1| 2 10720 1 | 1 “"\0 1-1072%0 | 1—2.107%

1—2-10"20
1—10-20
T1+To=2 — 27 =1+10"%.

~ 1+ 102

ro =

* Why does it work?

* Avoid dividing by tiny numbers, reduces relative error, and makes LU
numerically stable for most matrices.
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Another example of partial pivoting

7 —20 5 2 1 3 0 6.714 1.5714
(11.18)

7 =20 % R3<R3—(2.857/6.714)R 7 =20 %
foolis 1o 6714 15714 | BRI 0 6714 1.5714

9 1 3 7020 5\ o (T -2 5
1 10720 4| Befs [ q0-20 4| BB (WDRLRsCR—Q/DR [ 9057 3986

0 2.857 3.286 0 0 26173
(11.19)
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